The buckling of thin films with natural nonlinearity can provide a useful tool in many applications. In the present paper, the mechanical properties of controllable buckling of thin films are investigated by accounting for both geometric nonlinearity and surface effects at nanoscale. The effects of surface elasticity and residual surface tension on both static and dynamic behaviors of buckled thin films are discussed based on the surfacelayer-based model. The dynamic design strategy for buckled thin films as interconnects in flexible electronics is proposed to avoid resonance in a given noise environment based on the above analysis. Further discussion shows that the thermal and piezoelectric effects on mechanical behavior of buckled thin film are equivalent to that of residual surface tension.
Introduction
Wrinkling, buckling, and other mechanical instabilities, which usually mean loss of the carrying capacity of the structures and induce catastrophic failure, have been typically treated as disasters to be avoided. Through detailed understanding of the phenomena, however, they can provide useful tools in many applications such as micro-/nanofabrication [1, 2] , bioengineering [3, 4] , modern metrology methods [5, 6] , etc. Recently, some innovative strategies inspirited by these phenomena have been proposed to produce and improve the stretchability of electronic devices [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . For instance, stretchable components can be produced via periodic, sinusoidal wavylike single crystalline Si ribbons on an elastomeric substrate. Then field-effect transistors, p-n diodes, and other devices for electronic circuits can be directly integrated into Si ribbons to yield fully stretchable components [7] [8] [9] [10] [11] . Such buckling or wrinkle configuration can also be used to create precisely controlled buckle geometries for nanoribbons of GaAs and Si [12] [13] [14] . Furthermore, the buckled films are used for stretchable interconnectors to link electronic components (e.g., transistors and diodes) on isolated rigid islands, and this is the so-called islandinterconnector structure [15] [16] [17] [18] [19] . The rigid islands do not buckle and the stretchability is wholly determined by interconnectors. Compared to the wavylike structures, the stretchability of the islandinterconnector structure is more remarkable. For the precisely controlled buckled geometries, the functional components are integrated into buckled Si ribbons, but for the island-interconnector structure they are integrated into the unbuckled islands. So, apparently the electric properties of the latter will be more stable than that of the former.
Mechanical behavior of the islands and interconnectors in the island-interconnector structure is very important to design the stretchability. Combining the analytical and finite element method, the maximum strain in the island has been discussed [19] . For the interconnector, the relations of buckled amplitude and maximum strain to prestrain have been performed through the energy method [17, 19] . These conclusions can guide the design of interconnectors to avoid fracture in material. By the way, in the energy analysis a mode shape must be assumed to obtain the buckled amplitude through energy minimization, and so its accuracy is dependent on the selection of mode shape. It is necessary to search for the accurate solution through rigorous governing equations. On the other hand, the island-interconnector structure, as electronic devices, will work in a complicated noise environment, which is induced by electrical and thermal loading, etc. So, strength consideration is not enough for the design of an interconnector. The dynamic behavior of a buckled interconnector should be analyzed, and the conclusions will guide the dynamic design to avoid resonance.
Usually, the thin film stresses induced by misfit strain, temperature, and the fabrication process control the stability and reliability of the films [20, 21] . When the characteristic size of materials and devices shrink to microns or nanometers, surface properties (surface elasticity and residual surface tension) often play an important role in their mechanical behavior due to the increasing ratio between surface/interface area and volume. Surface energy could be significant enough to compete with the strain energy for ultrathin films with thickness at micron or nanometer scale. A simple comparison between typical surface energy density of solids (% 1 J=m 2 ) and strain energy density (% 10 7 J=m 3 ) suggests that the surface energy could become important for film thickness in the order of 100 nm (10 À7 m) or less [22] . Many attempts have been made to reveal the influence of surface properties on the elastic properties of nanobeams, nanowires, nanoplates, etc. [23] [24] [25] [26] [27] [28] [29] , but only the surface-layer-based model in Refs. [25] and [28] are discussed here. In these works, a thin surface layer was introduced on the surface to rationalize the near-surface material properties that are different from the bulk material. The surface elasticity and residual surface tension were equivalent to effective bending rigidity and effective distributed loading, respectively. Through this treatment, the surface effects on static bending, critical buckled loading, and natural frequencies of nanowires and microbeam were discussed. The thickness of the interconnector is at the nanometer scale (about 50 nm) [17] , and so the surface effects on its mechanical behavior must be considered.
The mechanical behavior of the interconnector is investigated in this paper, and the surface effects are discussed in detail. Based on these analyses, the dynamic design criterion of the interconnector to avoid resonance in a given noise environment is proposed. Furthermore, the proposed model is extended to analyze the thermal effect and piezoelectric effect.
Surface Property
The scanning electron microscope (SEM) picture of an islandinterconnector structure is shown in Fig. 1(a) [17] . Islands adhere to the compliant substrate (poly-di-methyl-siloxane (PDMS)) and interconnectors connect the adjacent islands. When the prestrain imposed on the compliant substrate is released, the interconnectors buckle. The width of interconnectors is smaller than that of islands, so the ends can be regarded as fixed-fixed constraints. The width of interconnectors is much larger than their thickness, and so the interconnectors can be modeled as fixed-fixed thin films, as shown in Fig. 1(b) . The initial length of the thin film is denoted by l 0 , and the span length after buckling by l. h and b indicate the thickness and width of the thin film, respectively, with b ) h.
For the thin film with nanoscale thickness, surface properties, including surface elasticity and residual surface tension, will prominently influence its physical characteristic. The effective stretching rigidity induced by surface elasticity can be expressed as
where E is the Young's modulus of the bulk, E 0 is that of the surface layer, d is the thickness of the surface layer and A Ã ; E s ; A can be expressed by
The effective flexural rigidity induced by surface elasticity is expressed as [27, 28] 1 12
where
Considering that thin film width is much larger than its thickness, i.e., b ) h, the effect of surface elasticity of lateral faces can be ignored. Then the above expressions can be simplified as
a is a nondimensional quantity and can be used to evaluate surface elasticity.
According to Laplace-Young, the residual surface tension can be replaced by an effective distributed loading on the upper surface [25] [26] [27] [28] ,qx
wherex 1 andt are the coordinate in initial configuration and the time, respectively.ŵ is the out-plane deflection of the thin film and s 0 is the residual surface tension when the bulk is in unstrained state. The influence of residual surface tension is equivalent to that of a stretching axial loading 2s 0 b.
Governing Equation and Boundary Conditions
Select the unstrained state as reference state. Taking into account the geometric nonlinearity arising from midplane stretching [30, 31] , the following equilibrium equations can be obtained:
Þis the compressive axial force in the thin film when it is flat, e 0 is prestrain that controls the buckled geometry, q 0 is density, and H is the additional axial force induced by midplane stretching. Eqs. (6) and (7) give the following equation:
into the above equation yields, 
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The stretching of the current configuration referring to the reference configuration is expressed as
and then
Substituting Eqs. (5) and (11) into Eq. (9) yields
The boundary conditions corresponding to the fixed-fixed constraints areŵ
Introduce the following nondimensional quantities:
where, r is the radius of gyration of the cross section. Then, the nondimensional equilibrium equation and boundary conditions are expressed as
where the dot and the prime indicate the derivative with respect to t and x 1 , respectively
Static Behavior
Dropping the dynamic terms in Eq. (15) yields the following equation: [30, 31] . Equation (17) reduces to a fourth-order ordinarydifferential equation with constant coefficients:
The general solution is
Substituting Eq. (19) into boundary conditions [16] yields the following algebraic equations:
where c i (i ¼ 1, 2, …) are constants. Demanding that the determinant of the coefficient matrix equals zero, the following characteristic equation for k is obtained [31] :
Solving this equation yields k i ¼ 2p; 8:9868; 4p; 15:4505…. Subsequently, from the above algebraic equations the corresponding mode shapes can be expressed as,
According to equation ð1=ð1þ3aÞÞ f 1 1þa
i , the constants c 1i can be determined as
In this paper, the discussions are limited to the first-order symmetric buckling mode. The buckling shape and buckled amplitude of the first-order symmetric buckling mode are
where (25) can be arranged as
where b ¼ 2s 0 =Eh ð Þis a nondimensional parameter and can evaluate the residual surface tension. e c ¼ p
is the firstorder critical buckling strain when ignoring the surface effects. It can be seen from Eq. (26) that the effects of surface elasticity and residual surface tension on buckled amplitude are coupled.
When the surface effects are ignored, the first-order buckling mode is simplified as Eqs. (24) and (27) :
The combination of Eq. (27) and Eq. (14) yields the dimensional buckling modê
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This result is consistent with that in Refs. [17] and [19] . In these references, the buckled amplitude is obtained by assuming certain mode shape and minimizing system energy, and so its accuracy is dependent on the selection of mode shape. The present result, however, is an analytic solution. The consistency of these two solutions illustrates that the supposed mode shape in energy analysis is nicely accurate.
Dynamic Behavior
From now on, dynamic behaviors of thin film around the firstorder buckled configuration will be discussed in detail. Introduce a small disturbance from the first-order buckled configuration and determine the time evolution of this disturbance [31] .
Because v ( w 1 for small oscillation, the high-order terms with respect to v can be ignored [31] . Dropping the high-order terms from governing Eq. (30) yields 
Rearranging Eq. (33) yields
Eq. (35) is a nonhomogeneous fourth-order ordinary-differential equation with constant coefficients. And the general solution can be expressed as
where the homogeneous solution V h x 1 ð Þ and the particular solution V p x 1 ð Þ satisfy the following two equations, respectively:
The characteristic equation of Eq. (38) is
and the characteristic values are r 1;2;3;4 ¼ 6s 1 i; 6s 2
So the general solution of Eq. (38) can be expressed as 
Then the general solution of Eq. (35) can be expressed as
Substituting the general solution (Eq. (45)) into boundary conditions (Eq. (36)) yields four algebraic equations. These four equations and Eq. (44) constitute a system of five homogeneous algebraic equations for the constants d i i ¼ 1; 2; …5 ð Þ . By solving this eigenvalue problem, the nondimensional natural frequencies x i i ¼ 1; 2; … ð Þand corresponding vibration mode shapes around the first-order buckled configuration can be obtained.
Numerical Results
On the basis of accurate analysis for buckled thin films, we discuss here surface effects on mechanical behavior of interconnectors. The ratio of length to thickness of interconnectors is in the range l 0 =h 2 200; 5000 ½ , and we select the prestrain e 0 2 0:01; 0:20 ½ . So the prestrain e 0 , normalized by critical strain e c , is in the range e 0 =e c ¼ 3=p
½ . For instance, the length l 0 and thickness h of interconnects are 20 lm and 50 mn [17] , respectively, and the critical strain is e c % 2:0 Â 10 À5 . Select prestrain to be e 0 ¼ 0:20, then the normalized prestrain is e 0 =e c % 10 4 . Two cases, i.e., the initial buckling case (e 0 =e c 2 1; 10 ½ ) and the case concerned in stretchable electronics (e 0 =e c 2 10 2 ; 10 7 ½ ) will be discussed simultaneously. When surface effects are ignored, the relation of nondimensional buckled amplitude 2c 11 to the normalized prestrain e 0 =e c is shown in Fig. 2 . The nondimensional buckled amplitude increases with the normalized prestrain. The effect of surface elasticity a on the nondimensional buckled amplitude 2c 11 is shown in Fig. 3 . When surface elasticity increases, the rigidity increases and buckled amplitude decreases. It can be seen from Eq. (26) that the effect of surface elasticity can be ignored for large prestrain. The
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Transactions of the ASME relation of nondimensional buckled amplitude 2c 11 to the residual surface tension b is shown in Fig. 4 . It can be seen from Eq. (26) that increasing residual surface tension is equivalent to decreasing the prestrain. And so, the nondimensional buckled amplitude decreases when residual surface tension increases. When residual surface tension approaches to a certain positive value, the interconnector will be not buckled, i.e., be in the planar configuration. The relation of nondimensional natural frequencies x i , normalized by the associated natural frequencies x i0 when ignoring surface effects, to surface elasticity a is shown in Fig. 5 . The rigidity and natural frequencies increase with surface elasticity [32] . The effect of residual surface tension b on nondimensional natural frequencies x i is shown in Fig. 6 . In the initial buckling case, some nondimensional natural frequencies hold constant and others decrease when residual surface tension increases [32] . When residual surface tension approaches a certain value, the interconnector will be in the planar configuration, i.e., it will be not buckled. For large prestrain, such as e 0 ¼ 0.2, the effect of residual surface tension on nondimensional natural frequencies can be ignored as long as residual surface tension is not too large. Based on the these conclusions and also noting that residual surface tension is equivalent to prestrain, it can be known that large variation of prestrain will not affect natural frequencies prominently when prestrain is large enough. Results for nondimensional natural frequencies
À Á versus normalized prestrain e 0 =e c accounting for surface elasticity a are shown in Ref. [32] . For the initial buckling case (e 0 =e c 2 1; 10 ½ ), some x i hold constant but others increase as normalized prestrain e 0 =e c increases. For the large prestrain case (e 0 =e c 2 10 2 ; 10 7 ½ ), all of the nondimensional natural frequencies x i almost hold constant when normalized prestrain e 0 =e c varies in a wide range for given a.
Dynamic Design Criterion for Interconnectors
The static analysis can be used to improve the static design criterion to avoid interconnector fracture, while the dynamic analysis will guide the dynamic design criterion to avoid resonance. For the large prestrain case (e 0 =e c 2 10 2 ; 10 7 ½ ), the nondimensional natural frequencies almost hold constant when normalized prestrain e 0 =e c varies. Note that the nondimensional natural frequencies x i are the ratio of natural frequencies X i to h=l
This property means that natural frequencies can be tuned to keep away from externally exciting frequencies by designing interconnector length l 0 properly. For instance, the natural frequencies will be tuned in two magnitudes if the length is selected in the range 10 lm; 100 lm ½ . Taking the case, in which surface effects are ignored, for instance, here illustrates the dynamic design criterion to avoid resonance for a given noise circumstance. Denote the first three natural frequencies as x In this case, the length and thickness of interconnector are the designable parameters. For simplicity, the bandwidth of external noise is supposed to be not too wide. That means that noise can induce only one resonance, and two or more resonances will not appear simultaneously. Denote the upper and lower cut-off frequencies aŝ X u ;X l . The design schematic (Fig. 7) guides the selection of length and thickness l 0 ; h ð Þ. For the case in which the bandwidth of noise is wide, the upper and lower cut-off frequencies cannot Fig. 2 The relation of nondimensional buckled amplitude 2c 11 to the normalized prestrain e 0 /e c when surface effects are ignored. (a) e 0 /e c less than 10; (b) e 0 /e c greater than 100. 
. Nondimensional natural frequencies x i almost hold constant when the normalized prestrain e 0 =e c varies. This conclusion has another important significance, i.e., the natural frequencies of the interconnector will not vary when the island-interconnector structure is stretched or compressed. In other words, if the length and thickness are selected to avoid resonance, the interconnector will not resonate in operation. 
The one-dimensional constitutive relation is
in which a T is the coefficient of thermal expansion, and DT is the variation of temperature. The strain in the thin film is linear in the thickness direction and can be written as e 11 ¼ e 0 11 þ j 11 x 3 , where x 3 ¼ 0 represents the neutral plane, and e 0 ab and j ab are independent of x 3 . And so the constitutive relation can be rewritten as
The axial force and the moment can be obtained through Eq. (48) asP
Substituting Eqs. (49) and (50) into Eq. (46) yields the following equilibrium equation:
Adopting the nondimensional quantities in Eq. (14), the nondimensional equilibrium equations are obtained as 021002-6 / Vol. 80, MARCH 2013
Transactions of the ASME If we ignore the surface elasticity effect, i.e., let a ¼ 0, Eq. (15) will be consistent with Eq. (52). The thermal strain fa T DT is corresponding to the residual surface tension P 1 . And so, the thermal effect on the mechanical behavior of buckled thin film is equivalent to that of residual surface tension. 
where c ij and e ij are the elastic and piezoelectric constants, respectively. The electric displacements D i are given in terms of strain e ij and electric fields E i by [33] 
where k ij are dielectric constants. For a piezoelectric thin film poling in the thickness direction and subject to plane-stress deformation r 33 ¼ r 23 ¼ r 13 ¼ 0 and vanishing in-plane electric fields E 1 ¼ E 2 ¼ 0, the above constitutive relations can be rewritten as 
whereẼ
The strain in the thin film is linear in the thickness direction and can be written as e 11 ¼ e 0 11 þ j 11 x 3 . The dielectric governing equation Fig. 6 The relation of nondimensional natural frequencies x i , normalized by associated natural frequencies x i0 when ignoring surface effects, to residual surface tension b. (a) Small prestrain e 0 ; (b) large prestrain e 0 . Fig. 7 The selection of length and thickness to avoid resonance in given noise circumstance (UNR: unresonance, 1st R: first-order resonance, 2nd: second-order resonance)
For the piezoelectric thin film of thickness h subject to the electrical potential voltageV between the top and bottom surfaces of the thin film, which is equivalent to Ð h=2 Àh=2 E 3 dx 3 ¼ ÀV, the electric field E 3 is obtained as
The substitution of Eq. (59) 
The electric displacement is independent of the curvature j 11 .
The axial force and the moment can be obtained through the above equations aŝ 
where the dot and the prime indicate the derivative with respect to t 1 and x 1 , respectively. If we neglect the surface elasticity effect, i.e., let a ¼ 0, Eq. (15) will be similar to Eq. (66). Then the piezoelectric effect on the mechanical behavior of buckled thin film can be evaluated by that of residual surface tension.
Conclusions
The effects of surface properties on the mechanical behavior of buckled thin film have been investigated in the present paper. The discussions on two cases, i.e., the initial buckling case and the case concerned in stretchable electronics, are compared, and the effects of surface properties in two cases are quite different. The surface effects on the static behavior will improve the strength design of buckled interconnector, and that on the dynamic behavior induces the dynamic design criterion of the buckled interconnector. The combination of dynamic design with strength design constitutes the whole design criterion of the interconnector. Discussions on the relations of thermal and piezoelectric factors to the mechanical behaviors of thin films show that adopting the surface-layer-based model to describe surface properties is quite significant, and the thermal and piezoelectric effects can be evaluated by that of residual surface tension.
